Abstract. There is a well developed theory of weakly symmetric Riemannian manifolds. Here it is shown that several results in the Riemannian case are also valid for weakly symmetric pseudo-Riemannian manifolds, but some require additional hypotheses. The topics discussed are homogeneity, geodesic completeness, the geodesic orbit property, weak symmetries, and the structure of the nilradical of the isometry group. Also, we give a number of examples of weakly symmetric pseudo-Riemannian manifolds, some mirroring the Riemannian case and some indicating the problems in extending Riemannian results to weakly symmetric pseudoRiemannian spaces.
Introduction
There have been several important extensions of the theory of Riemannian symmetric spaces. Weakly symmetric spaces, introduced by A. Selberg [10] , play key roles in number theory, Riemannian geometry and harmonic analysis. Pseudo-Riemannian symmetric spaces, including semisimple symmetric spaces, play central but complementary roles in number theory, differential geometry and relativity, Lie group representation theory and harmonic analysis. Here we study the common extension of these two branches of symmetric space theory, that of weakly symmetric pseudo-Riemannian manifolds.
It is surprising that the theory of weakly symmetric pseudo-Riemannian manifolds has so many open problems. Here we recall what is known in its differential-geometric aspect and prove a few new results. Some facts, such as homogeneity for weakly symmetric pseudo-Riemannian spaces, are easy. Others, in particular questions of sectional curvature and the structure of the nilradical of the isometry group, are subtle.
In Section 1 we review a number of basic facts on the geometry of pseudo-Riemannian manifolds, especially concerning completeness and homogeneity, pointing out the contrast with the Riemannian case.
Section 2 specializes to the setting of weakly symmetric pseudo-Riemannian manifolds. After the definition, we give a short proof of homogeneity in Proposition 2.2. In Proposition 2.3 we describe circumstances under which a pair of points can be interchanged by an isometry. Example 2.4 exhibits a class of symmetric (thus weakly symmetric) pseudo-Riemannian manifolds in which not every pair of points is joined by an unbroken geodesic. We then turn to weak symmetries and weakly symmetric coset spaces. In Proposition 2.6 we recall their relation to weakly symmetric Riemannian manifolds, and in Proposition 2.7 we extend this to the setting of weakly symmetric pseudo-Riemannian manifolds.
Section 3 presents a number of examples of weakly symmetric pseudo-Riemannian manifolds related in one way or another to weakly symmetric Riemannian manifolds.
In Section 4 we study geodesics and prove the geodesic orbit property for weakly symmetric pseudo-Riemannian manifolds. We note that the fact that the property that the nilradical of the isometry group is 2-step nilpotent, which holds in the Riemannian case, fails in the pseudoRiemannian setting. Then we give a condition under which it holds for weakly symmetric pseudo-Riemannian manifolds.
Pseudo-Riemannian manifolds
We collect some basic facts on pseudo-Riemannian manifolds, following [8] . Definition 1.1. A pseudo-Riemannian manifold (M, , ) is a smooth manifold M with a nondegenerate inner product , on the fibers of its tangent bundle T M . Let the expression (n + , n − ), where n + + n − = dim M , denote the signature of , . The manifold (M, , ) Riemannian in the case where , has signature (dim M, 0), i.e. is positive definite. ♦ Definition 1.2. A broken geodesic is a piecewise smooth curve segment whose smooth subsegments are geodesics. A pseudo-Riemannian manifold is said to be geodesically complete if every maximal geodesic is defined on the entire real line. ♦ Lemma 1.3. A pseudo-Riemannian manifold is connected if and only if any two points can be connected by a broken geodesic.
In the connected Riemannian case we have a metric space structure where the distance d(x, y) is the infimum of the lengths of sectionally smooth curves joining x to y. The classical HopfRinow theorem is Theorem 1.4. For a connected Riemannian manifold M , the following conditions are equivalent.
(1) As a metric space under the Riemannian metric M is complete, i.e., every Cauchy sequence converges.
(2) There exists a point x ∈ M from which M is geodesically complete, i.e., exp x defines on the entire tangent space T x M . 
Geometry of pseudo-Riemannian weakly symmetric manifolds
There are a number of equivalent conditions that can be taken as the definition of weak symmetry for a Riemannian manifold. The one on reversing geodesics is also appropriate in the pseudo-Riemannian case.
Definition 2.1. Let (M, , ) be a pseudo-Riemannian manifold. Suppose that for every x ∈ M and every nonzero tangent vector ξ ∈ T x M , there is an isometry φ = φ x,ξ of (M, , ) such that φ(x) = x and dφ(ξ) = −ξ. Then we say that (M, , ) is a pseudo-Riemannian weakly symmetric manifold. In particular, if (M, , ) is a Riemannian manifold, then we say that (M, , ) is weakly symmetric. ♦
Of course the symmetric case is the case where each φ x,ξ is independent of ξ, in other words where for any x ∈ M the geodesic reflection at x extends to a globally defined isometry of M . Equivalently, (M, , ) is a pseudo-Riemannian symmetric space if for any x ∈ M there is an involutive isometry θ x of M that has x as an isolated fixed point.
As in the Riemannian case we have Proof. For any x, y ∈ M , by Lemma 1.3, there exists a broken geodesic connecting x and y. Assume that the broken geodesic is
parameterized from 0 to 1 proportional to the arc length for any i. Since (M, , ) is weakly symmetric, we have that there exists g i ∈ I(M, , ) such that g i γ i (
Let (M, , ) be a connected Riemannian weakly symmetric manifold. It is homogeneous, hence complete, so any two points in M are connected by a geodesic segment. Thus for any x, y ∈ M there exists an involutive isometry (the geodesic symmetry at the midpoint of that geodesic segment) that interchanges x and y. In the pseudo-Riemannian case, although we know that (M, , ) is homogeneous, there might not be a geodesic joining any two points. So we only have Proposition 2.3. Let (M, , ) be a connected pseudo-Riemannian manifold. If (M, , ) is weakly symmetric, then for any x, y ∈ M connected by a geodesic, there exists an isometry which interchanges x and y. In particular if (M, , ) is Riemannian, then for any x, y ∈ M there exists an isometry which interchanges x and y. Example 2.4. Here is a class of pseudo-Riemannian symmetric manifolds that have points which cannot be joined by a single geodesic. Let G be a semisimple Lie group such that the exponential map exp : Lie(G) → G is not surjective, and let x be a point of G that is not in the image of exp : Lie(G) → G. Such Lie groups exist, for example if G = SL(3; R), see [2] . Use the Killing form for the pseudo-Riemannian metric. Then G should be a pseudo-Riemannian symmetric space, where the symmetry at the identity element is g → g −1 , and the geodesics are the group translates of the orbits of one-parameter subgroups. See Theorem 4.2 below. This shows that there is no geodesic from the identity element to the point x. ♦ Definition 2.5. Let G be a connected Lie group and H be a closed subgroup. Suppose that σ is an automorphism of G such that σ(g) ∈ Hg −1 H for every g ∈ G. Then we say that G/H is a weakly symmetric coset space, that (G, H) is a weakly symmetric pair, and that σ is a weak symmetry of G/H. ♦ Consider the case where H is a compact subgroup. The next proposition recalls the relation between group-theoretic notion and differential-geometric notions of weak symmetry. There the condition of g(x) = φ(y) and g(y) = φ(x) corresponds to the interchange condition between pairs of points.
Proposition 2.6 ([11]
). Let G be a connected Lie group, K be a compact subgroup and M = G/K.
(1) G/K is a weakly symmetric coset space if and only if there is a diffeomorphism φ of M such that φGφ −1 = G and if x, y ∈ M there exists g ∈ G with g(x) = φ(y) and g(y) = φ(x).
(2) Assume that the above equivalent conditions hold. Then every G-invariant Riemannian metric on M is φ-invariant and weakly symmetric. In particular there exists a G-invariant φ-invariant Riemannian metric on M .
More generally, we have Proposition 2.7. Let G be a connected Lie group, H be a closed subgroup and M = G/H.
(1) If there is a diffeomorphism φ of M such that φGφ −1 = G and if x, y ∈ M there exists g ∈ G with g(x) = φ(y) and g(y) = φ(x), then G/H is a weakly symmetric coset space.
(2) If G/H is a weakly symmetric coset space, then there is a diffeomorphism φ of M such that φGφ −1 = G and if x, y ∈ M connecting by a geodesic there exists g ∈ G with g(x) = φ(y) and g(y) = φ(x). Moreover, every G-invariant pseudo-Riemannian metric on M is φ-invariant and weakly symmetric.
(3) If there is a diffeomorphism φ of M such that φGφ −1 = G and if x, y ∈ M connecting by a geodesic there exists g ∈ G with g(x) = φ(y) and g(y) = φ(x), then for every g ∈ G there is h ∈ G and an automorphism σ of G such that σ(h −1 gh) ∈ Hh −1 g −1 hH.
Proof. The first two assertions follow from the proof for the Riemannian case. For the third one, assume that there exists a diffeomorphism φ such that the conditions of (3) hold. Translating by an element of G we may assume that φ(1H) = 1H. Then σ : g → φgφ −1 defines an automorphism σ of G such that σ(H) = H and φ(gH) = σ(g)H. Fix g ∈ G and g ∈ H. Let g ′ H be a fixed point of g in G/H and U be a normal neighborhood of g ′ H. Then U ∩ gU is a neighborhood of g ′ H. Then there exists g 1 H ∈ U such that g 1 H = gg 1 H and g(g 1 H) ∈ U ∩ gU . That is, there is a geodesic connecting g 1 H and g(g 1 H). Then 1H and g −1 1 gg 1 H are connected by a geodesic. By the assumption, there exists g 2 ∈ G such that
Examples of pseudo-Riemannian weakly symmetric spaces
We describe a number of weakly symmetric pseudo-Riemannian manifolds. The reductive ones will be familiar to many readers.
Example 3.1. M p,q = G p,q;C /U (p, q; C) where G p,q;C is given as follows. The space C n of ntuples over C is viewed as a right vector space (so that it is easy to extend considerations from C to the quaternions and the octonions). Scalars act on the right and linear transformations act on the left. For any non-negative integers p and q and n = p + q, we have the Hermitian vector space C p,q with the Hermitian form
Its unitary group is U (p, q; C). We have a Heisenberg group H p,q;C which is the real vector space ImC + C p,q with the group composition
Then g(v, w) = (v, g(w)) defines an action of the unitary group U (p, q; C) by automorphisms on H p,q;C . The semidirect product group G p,q;C := H p,q;C ⋊ U (p, q; C) has group composition
It is clear that H p,q;C is 2-step nilpotent. If q = 0, denote H n,0;C and G n,0;C by H n;C and G n;C respectively. The usual Heisenberg group H C is H n;C . For details and extension to quaternionic and octonionic Heisenberg groups see [11] .
The action of G p,q;C on M p,q := G p,q;C /U (p, q; C) is transitive. At x := (1, 0, · · · , 0) the isotropy subgroup of G p,q;C is U (p, q; C). The tangent space at x can be viewed as ImC + C p,q , and dg(v, w) = (v, gw) for any (v, w) ∈ T x M p,q and g ∈ U (p, q; C). Any G p,q;C -invariant pseudoRiemannian metric is determined by a U (p, q; C)-invariant inner product on T x M p,q . The action of U (p, q; C) on C p,q is absolutely irreducible, and it is and trivial on ImC, so every U (p, q; C)-invariant inner product , on T x M p,q satisfies ImC, C p,q = 0. Let v, v ′ 1 = vv ′ , the usual inner product on ImC, and w, w ′ 2 = Re h(w, w ′ ), the usual (real) inner product on C p,q . Then , can be any real linear combination a , 1 ⊕b , 2 , a = 0 = b. That gives all the G p,q;C -invariant pseudo-Riemannian metrics on M p,q .
The map φ given by conjugation on each coordinate is an isometry of M p,q . More precisely,
Furthermore, there exists an element g w in U (p, q; C) satisfying dg w (−v, √ −1w) = (−v, −w) since U (p, q; C) acts transitively on any cone or quadric {w ∈ C p,q \ {0} | h(w, w) = r}. That is, the isometry g w · φ satisfies g w · φ(x) = x and dg w · dφ(v, w) = (−v, −w).
Since the isotropy group at different points are conjugate in G p,q,C for a homogeneous space, we have:
(1) (M p,q , , ) is a pseudo-Riemannian weakly symmetric manifold. The variation of pseudo-Riemannian weakly symmetric structure just described, is a simple group-theoretic phenomenon. Let (M, , ) be a pseudo-Riemannian weakly symmetric manifold. Express M = G/H where G = I(M, , ). Then, from the action of the isotropy subgroup H on the tangent space to M at 1H we see that every G-invariant pseudo-Riemannian metric on M is weakly symmetric. We will see additional instances of this in Examples 3.2, 3.3 and 3.4.
Example 3.2. Look at the transitive action of
Here T x M can be view as ImC + C n−1 and dg(v, w) = (v, gw) for any g ∈ H x and (v, w) ∈ ImC + C n−1 . Any U (n)-invariant pseudo-Riemannian metric on M is determined by a U (n − 1)-invariant inner product on the tangent space. Let , 1 and , 2 be the usual inner products on ImC and C n−1 respectively. Then
2 , a and b nonzero constants, is a U (n−1)-invariant inner product that induces a U (n)-invariant pseudo-Riemannian metric on M . The map φ defined by conjugation on each coordinate is an isometry of M . Then φ(x) = x and dφ(v, w) = (−v, √ −1w) for any (v, w) ∈ T x M . Since U (n − 1) acts transitively on the unit sphere in C n−1 , it contains an element g w that sends √ −1w to −w. −w) . Hence the G-invariant pseudo-Riemannian metric , on M is weakly symmetric, and of course is Riemannian weakly symmetric if a, b > 0. ♦ Example 3.3. Consider the transitive action of Sp (1) 
. The isotropic group of x = (1, 0, · · · , 0) is equal to ∆Sp(1) × Sp(n − 1), here ∆Sp(1) means that Sp(1) embeds diagonally. The tangent space T x M can be identified with ImH + H n−1 , and
1 is the standard action of Sp(1)/Z 2 = SO(3) on R 3 and Sp(n − 1) acts transitively on the unit sphere in H n−1 , we have that for any (7) with the tangent space T x (M ) = ImO+O. For any g ∈ Spin (7), dg(v, w) = (ρ(g)(v), ϕ(g)(w)), where ρ is the standard representation of Spin (7) on ImO (via the two fold cover Spin(7) → SO (7)), and where ϕ is the spin representation of Spin (7) on O. If (v, w) ∈ ImO + O, we have g 1 ∈ Spin(7) such that ρ(g 1 )v = −v. The isotropy subgroup of Spin (7) at v (under the action of ρ) is Spin(6) = SU (4), and the restriction of the action of Spin(7) on O to SU (4) is the standard action of SU (4) on O. That is transitive on the unit sphere, so there exists an element g 2 ∈ Spin(7) such that ρ(g 2 )v = v and ϕ(g 2 )ϕ(g 1 )w = −w.
In other words, d(g 1 , g 2 )(v, w) = (−v, −w). Let , 1 and , 2 be the Spin(7)-invariant inner products on ImO and O n−1 respectively. Then a , 1 + b , 2 is a Spin(7)-invariant inner product on the tangent space of M = S 15 . As before, if a = 0 = b it induces a weakly symmetric Spin(9)-invariant pseudo-Riemannian metric on M . If a, b > 0 that metric is Riemannian. ♦
Geodesics in pseudo-Riemannian weakly symmetric spaces
In this section we discuss questions of completeness and the geodesic orbit property, and implications for the structure of the nilradical of the isometry group. The main theorem in [1] is that any maximal geodesic in a Riemannian weakly symmetric space M is an orbit of a one-parameter group of isometries of M . Proposition 4.1 lets us follow the argument of [1] and push it to the pseudo-Riemannian setting. Thus A connected pseudo-Riemannian manifold which admits a transitive nilpotent group of isometries is said to be a nilmanifold. In the Riemannian case, we have: This result is due independently to Benson-Ratcliff, Gordon and Vinberg. See [11] for details. 
where z ℓ = e q = f q = 0 for ℓ > m, q > m + 1. As usual let g = g 0 and g s+1 = [g, g s ]. Then g 2r−1 is spanned by {z k , e i , f j } with r + 1 ≦ i, j ≦ m + 1 and r ≦ k ≦ m and g 2r is spanned by {z k , e i , f j } with r + 1 ≦ i, j ≦ m + 1 and r + 1 ≦ k ≦ m. Thus g is (2m + 1)-step nilpotent.
The inner product on g is given by R m ⊥ C m+1 and
Consider the corresponding pseudo-Riemannian metric on the connected simply connected nilpotent Lie group G with Lie algebra g. Compute x, [y, z] = [x, y], z to see that the corresponding pseudo-Riemannian metric is bi-invariant. Thus G is a symmetric pseudo-Riemannian nilmanifold which, as Lie group, is (2m + 1)-step nilpotent. ♦
We now give a sufficient condition for N to be 2-step nilpotent in the pseudo-Riemannian cases.
Let (M, , be a pseudo-Riemannian homogeneous manifold. Let G ⊂ I(M ) 0 be a closed subgroup that acts transitively on M . Let p ∈ M and H the isotropy group of G at p, so M can be identified with G/H. The pseudo-Riemannian metric , on M can be viewed as a G-invariant metric on G/H.
If the metric , is positive definite, then (G/H, , ) is a reductive homogeneous space. If the metric , is indefinite, a reductive decomposition need not exist. See [4] for an example of nonreductive pseudo-Riemannian homogeneous space. Fix a fixed reductive decomposition g = m + h. We identify m ⊂ g = T e G with the tangent space T p M via the projection π : G → G/H = M . Using this identification we view the scalar product , p on T p M as an Ad(H)-invariant scalar product on m.
The definition of a homogeneous geodesic is well-known in the Riemannian case (see, e.g., [7] ). In the pseudo-Riemannian case, the necessary generalized version was given in [3] : Definition 4.8. Let M = G/H be a pseudo-Riemannian reductive homogeneous space, g = m + h a reductive decomposition, and p the base point of G/H. Let s → γ(s) be a geodesic through p with affine parameter s in an open interval J. Then γ is homogeneous if there exist 1) a diffeomorphism s = φ(t) between the real line and the open interval J and 2) a vector X ∈ g such that γ(φ(t)) = exp(tX)(p) for all t ∈ R. The vector X is then called a geodesic vector. ♦ Remark 4.9. In the Riemannian situation or the pseudo-Riemannian weakly symmetric space cases, the diffeomorphism from the condition 1 is always the identity map on the real line and hence the definition can be formulated more simply. ♦
The basic formula characterizing geodesic vectors in the pseudo-Riemannian case appeared in [4] and [9] , but without a proof. The correct mathematical formulation with the proof was given in [3] : Lemma 4.10. (Geodesic Lemma). Let M = G/H be a reductive pseudo-Riemannian homogeneous space, g = m + h a reductive decomposition and p the base point of G/H. Let X ∈ g. Then the curve γ(t) = exp(tX)(p) (the orbit of a one-parameter group of isometries) is a geodesic curve with respect to some parameter s if and only if
for all Z ∈ m, where k ∈ R is a constant. Further, if k = 0, then t is an affine parameter for this geodesic. If k = 0, then s = e −kt is an affine parameter for the geodesic. The second case can occur only if the curve γ(t) is a null curve in a (properly) pseudo-Riemannian space.
The following proposition follows easily from the Geodesic Lemma. Since n is an ideal of g and m is Ad G (H)-invariant, we have [n, n] and then a are Ad G (H)-stable. It follows that [ζ, ξ] m , ξ = 0. That is, ad(ζ)| [n,n] is skew-symmetric for any ζ ∈ a by the assumption. But ad(ζ) is nilpotent for any ζ ∈ n. So ad(ζ) = 0 for ζ ∈ n ∩ a. Since n ∩ a generates n must have [n, [n, n]] = 0. Thus n is at most 2-step nilpotent.
Acknowledgments
This work is supported by National Natural Science Foundation of China (No.11001133) and the Fundamental Research Funds for the Central Universities.
